Abstract. In this paper we studied approximate solutions of the radial Schrödinger equation with the attractive Gaussian potential. We used asymptotic iteration method and variational method in order to obtain energy eigenvalues for any n and l quantum numbers. Our results are in good agreement with the other studies.
Introduction
Schrödinger equation of a particle with mass m and potential V can be written as −h 2 2m ∇ 2 ψ( r) + V ( r)ψ( r) = Eψ( r).
Here ψ( r) is the wave function and E is the energy eigenvalue. Since its invention at the beginning of 1900s, Schrödinger equation is applied to electrons, protons, neutrons, quarks and etc. Solutions of Schrödinger equation is an important issue in physics, mathematics, chemistry and also in biology. The solution of Schrödinger equation have been always a challenge for most of the time. Many attempts have been made to solve Schrödinger equation analytically or approximately. The solutions of Schrödinger equation is important to understand energy spectrum and system evolution in time (in case of time-dependent Schrödinger equation). If one gets energy and wave function for the related system, it is possible to have a description about that system. The general framework is to solve Schrödinger equation with a potential of V (r). In most cases it is not always possible to obtain an accurate solution. For example the Morse potential [1] , V (r) = D e e −2a(r−re)−2e a(r−re , where D e is the association energy, r e is the equilibrium distance and a is the potential parameter, has no exact solutions. In that cases approximate solutions are seeking to describe the system. Beside that some potentials are exactly solvable within the framework of Schrödinger equation such as harmonic oscillator potential, Coulomb potenital, Morse potential [2] , Eckart potential [3] , Woods-Saxon potential [4] and Kratzer potential [5] .
The general method to solve Schrödinger equation is to transform it into a wellknown ordinary differential equation which have solutions in terms of Hermit, Legendre, Bessel or in any other form of hypergeometric functions. These are generally appear in undergraduate/graduate quantum mechanics textbooks such as [6, 7, 8, 9 ]. An alternative method is Supersymmetric Quantum Mechanics (SUSY-QM). In SUSY-QM, the Hamiltonian of the system is factorized. The other method is NikiforovUvarov in which one can transform Schrödinger equation with a specific potential into a hypergeometric-type second order differential equation. This method can be desrcibed as by-hand method since one can see all the steps in the solution. Perturbation and variational methods can be also used to find solutions. Of course there is no one way to solve eigenvalue equations like Schrödinger equation. There is a rich literature on that subject.
In this paper we will seek solutions of Gaussian potential by asymptotic iteration and variational methods. Variational methods for Gaussian potential have been studied before with different wave functions but to the best of our knowledge, a study of asymptotic iteration method for Gaussian potential has not been reported. In section 2, we will introduce Gaussian potential. In sections 3 and 4 asymptotic iteration and variational methods are given, respectively. In the last section these methods are applied to Gaussian potential and we present our results.
Gaussian Potential
Gaussian potential is in the form of
where A is the depth of the potential and λ is a parameter. It is an attractive potential. Gaussian potential was used as a model in nucleon-nucleon scattering theory by Buck et al. [10] . The eigenvalues of Gaussian potential were first obtained by Buck in a unpublished paper at 1977 via direct numerical integration. Stephenson [11] obtained eigenvalues of the three-dimensional Schrödinger equation with a radial Gaussian potential by using the Liouville-Green uniform asymptotic method. Bessis et al. [12] studied energies and eigenfunctions of the Schrödinger equation with a radial gaussian potential by using a perturbational and variational treatment on a conveniently chosen basis of transformed Jacobi functions. Lai obtained energy eigenvalues of the gaussian potential for various eigenstates within the framework of the hypervirial-Pade scheme [13] . Cohen obtained eigenvalues and approximate eigenfunctions from a firstorder perturbation treatment based on a scaled harmonic oscillator model [14] . 1/N expansion was applied to Gaussian potential by Chatterjee [15] . Koksal in [16] used a combination of perturbation theory and supersymmetric quantum theory for bound state energies of an electron confined in an attractive Gaussian potential.
This work is devoted to obtain eigenvalues of the radial Schrödinger equation with the Gaussian potential
where m is the mass of the particle. Inserting Gaussian potential in Eqn. (3) radial Schrödinger equation takes the following form:
where we took λ = 1. This form of Schrödinger equation cannot be solved analytically.
Asymptotic Iteration Method
The asymptotic iteration method was introduced to solve second-order homogeneous linear differential equations of the form
where λ 0 (x) = 0 and the variables λ 0 (x) and s 0 (x) have sufficiently many derivatives [17] . This differential equation has a solution as follows:
where
for sufficiently large k. In Eqn. (7) s k (x) and λ k (x) are defined as follows:
The convergence (quantization) condition can be defined as
For a given radial potential, it is possible to convert radial Schrödinger equation into Eqn. (5) . Once this form has been obtained, it is easy to see s 0 (x) and λ 0 (x) and calculate s k (x) and λ k (x) by using Eqn. (8) . Eigenvalues are obtained from the quantization (convergence) condition, δ k (x) = 0.
AIM for Gaussian Potential
We have said that Eqn. (4) 
This is a second order linear differential equation and in order to solve this equation via AIM, we should transform it into Eqn. (5). In a work of Karakoc and Boztosun [18] , they solved Schrödinger equation with Yukawa potenital V (r) = − A r exp(−αr) via AIM by suggesting a wave function of the form R nl (r) = rexp(−βr)f nl (r). In the present work, regarding the shape of the potential we propose a wave function of the form
Inserting this wave function in Eqn. (11) we have second order linear homogeneous differential equation as
A r 10 − 5r 8 + 20r 6 − 60r 4 + 120r 2 − 120
By comparing Eqn. (13) with Eqn. (5), we see that AIM can be applied and λ 0 (x) and s 0 (x) can be written as follows:
A
At this point, we should mention an important concept about AIM. If the potential is an exactly solvable around x 0 , the solution can be obtained when the iteration number, k equals the principal quantum number (radial quantum number) n. If the potential is not exactly solvable, for iteration number k bigger than radial quantum number n, a suitable x is chosen and energy eigenvalues can be obtained [17] . Energy eigenvalues can be obtained by the quantization condition Eqn. (9) . The quantization condition depends on x but the energy eigenvalues obtained from this condition should be independent of 
where f (x) represents asymptotic behaviour. In our case, f (x) = x l+1 exp(−βx 2 ) and
. β is an arbitrary parameter related to the convergence [19] . In Table 1 , the convergence for different values of β is shown.
As can be seen in Table 1 , β = 5 and β = 10 gave more sensical results. The energy eigenvalues in this paper are obtained with β = 10 since the solutions are very close after two iterations. The results are shown in Table 2 .
Variational Method
Variational method, known as Rayleigh-Ritz method, is a very useful in obtaining energy eigenvalues and eigenstates of the related system. This method is used when perturbation theory cannot be applied, i.e. Hamiltonian cannot be written simply H = H 0 + V where H 0 is the Hamiltonian which can be solved exactly. In this method, we have a system that is solvable and have energy eigenvalue and eigenfunction of one state, generally ground state. By having these, one can get energy eigenvalues and eigenfunctions of higher states.
The Hamiltonian of the Gaussian potential is
where p is the relative momentum, µ is the reduced mass of the two particles, µ = m 1 m 2 m 1 +m 2 . In our case m 1 = m 2 . In order to obtain energy eigenvalues, we have solved radial Schrödinger equation with the Hamiltonian above using the variational method
We used radial part of three dimensional harmonic oscillator wave function as trial function
with the L l+ 1 2 n (x) is the associated Laguerre polynomials and normalization constant
In Eqn. (18), b is treated as the variational parameter which is determined by minimizing the expectation value of the Hamiltonian for each state. After having b value, it was used in the wave function to obtain energy eigenvalues. The results of variational method are given in Table 2 .
Results and Discussion
In this paper, we solved radial Schrödinger equation with the radial Gaussian potential via Asymptotic iteration and variational methods. Gaussian potential was studied before via variational, perturbation, hypervirial-Pade and 1/N expansion methods mentioned before as well as direct numerical integration in [20] . Bessis et al. studied Gaussian potential with square integrable eigenfunctions in terms of Jacobi polynomial [12] . In present work we used rather a different wave function in terms of Laguerre polynomials. The variational method is a cumbersome method to obtain energy eigenvalues and eigenfunctions. It contains tedious calculations. If we don't know exact results of a given Hamiltonian, variational method can be used. We choose a wave function which mimickes the actual unknown wave function of the system. This wave function can depend on some parameters. In some cases trial wave function can be normalized to 1 so that numbers of unknown parameters can be decreased. The expectation value of the Hamiltonian is calculated. The expectation value of the Hamiltonian must be bigger than the ground state, H > E 0 where E 0 is the ground state energy of the system which is exactly solvable. There is no an a priori reason for the choice of trial wave function. One must be careful about the behaviour of the wave function at asymptotic ranges.
We have solved the radial Gaussian potential for any n, l and A in the framework of AIM by transforming Schrödinger equation into a second-order differential equation in the form of Eqn. (5) . In AIM, there is no constraint on the potential parameter values which makes AIM easy to implement. The obtained energy eigenvalues by AIM and variational methods are in good agreement with the other results given in Table 2 .
Conclusion
Schrödinger equation which is an eigenvalue equation can be solved by analytically and approximately. Interactions under a potential function generally make Schrödinger 
